YffK 539.3 

MSQ 74B05,35E05 

OBOBmEHHblE PEUIEHHH YPABHEHMH JIAME 
B CJIYHAE BErymHX HArPYSOK. y^APHBIE BOJIHBI 

Jl.A. AjieKceeBa 

CN '. HHcmumym MameMamuKU HMMM MOH PK 



O 



050010, AAMamu, yA. nymKUHa,125, Kasaxcman 



CNJ alexeeva@math.kz 
u 

< 



MaxeMaTHHecKoe Mo;];ejiHpoBaHHe pasHooGpasHbix npoii;eccoB, cBHsaHHbix c nepe;];BH>KeHHeM 
xpaHcnopxa b pasjiHHHbix cpe;i,ax, jih6o nepeMemeHHCM xpaHcnopxnpyeMbix rpysoB b xoHHe- 
jiax H xpyGonpoBo^ax pasjiHHHoro HasHaneHHa npHBo;];Hx k pemeHHio KpaeBbix sa^an MexaHHKH 
^ _ cnjioniHbix cpe^i; b Kjiacce "6eryiri;Hx"4)yHKii;HH, napaMexpHHecKHX h aBXOMo;];ejiL.HL.ix no pa- 
p • fly nepeMeHHBix. HapaMexp saflanH - cKopocxt flBHJKeHna HcxoHHHKa BoaMymeHHH b cpe^e - 
fH ■ cymecxBeHHO bjikhcx na xnn ypaBHeHHH flBHJKeHHH, Koxoptili aaBHCHX ox CKopocxeli pacnpo- 
! cxpaneHHa bojih b cpe^ax, xaK nasbiBaeMbix seynoeux CKopocmeu. Hx Moacex Gbixb necKOjiBKO 

B SaBHCHMOCXH OX BHfla BOJIH. ThH flH(|)cJ)epeHIi;HajIbHt.IX ypaBHeHHH, OHHCblBaiOmnX flBHJKeHHe 

cpeflbi, Menaexca b saBHCHMOcxH ox oxHomeHHSi CKopocxH HcxoHHHKa BOSMymennn k SByKOBtiM 
CKopocxaM (HHceji Maxa). HosxoMy HpHxoflHxca cxpoHxt pemeHHJi CHCxeM ypaBHeHHH 3jijihh- 
>> ■ XHHecKoro, rHHepGojinnecKoro hjih CMemaHHoro xhhob. IlpH 3xom, KaK HSBecxHO, rjiaflKocxb 
pemeHHH cymecxBenno saBHCHX ox rjiaflKocxH rpaHHHHbix (|)yHKH;HH, Koxopbie saBHcax ox xnna 
\0 ', fleficxByiomHx HOBepxHocxHbix HarpysoK h MaccoBbix chji. 

fl,JIS 4)H3HHeCKHX SaflaH XHHHHHblMH aBJI5IIOXC3 yflapHbie BOSflettCXBHil, COCpeflOXOHeHHbie Ha 
^ ' HOBepXHOCXHX H B XOHKaX CHJIL.I H X.H., KOXOpbie He OHHCblBaiOXCH TJiaflKHMH (|)yHKn;HaMH. YfloG- 

^ ■ HBiH Mexofl flji3 pemeHH3 xaxnx sa^an flaex annapax xeopnn o6o6n];eHHt.ix c|)yHKH;HH [1,2], ko- 
xoptiH HOSBOjiaex cymecxBenno pacmnpHXb Kjiacc HsynaeMBix HpoH;eccoB, HCHOjibsya CHHryjiap- 
Hbie o6o6m,eHHL.ie (|)yHKH;HH fljia MOflejinpoBanna HaGjiioflaeMbix HBjieHHH, b ocoGeHHocxH ohh- 
^ I cbiBaeMbix rHHepGojiHHecKHMH hjih cMemaHHbiMH ypaBHeHHHMH, fljia Koxopbix MaxeMaxHnecKaH 
xeopHH KpaeBbix sa^an noxa eme neflocxaxoHHo pasBHxa. OcHOBHbie n^en Mexo^a o6o6iu;eHHbix 
4)yHKH;HH fljiH pemeHHH KpaeBbix aa^an fljia bojihobbix ypaBHeHHH b N-Mepnbix npocxpancxBax b 
Kjiacce Gerymnx pemeHHH paccMoxpenbi b [3,4]. Sflecb sxox Mexofl HCHOJibsyexcH fljia HocxpoeHHH 
o6o6m;eHHt.ix pemeHHH ypaBnenna JIaMe, oHHct.iBaiom;Hx flBHJKeHHe ynpyrofl cpe^Bi, npn flosBy- 

KOBblX, XpanC- H CBepXSByKOBblX CKOpOCXaX flBHJKeHHH HCXOHHHKa B03Mym;eHHH. PaccMoxpeHBi 

yflapHbie bojihbi, Koxoptie BOSHHKaiox b cpe^e npn CBepxsByKOBbix HcxoHHHKax B03Mym;eHHH, h 
HpeflJioJKen Mexofl onpeflejienHH ycjiOBHH na CKanKH pemeHHH h hx npoHSBOflHtix na (|)poHxax 
yflapHbix BOJIH. 

1. ypaBHeHHa /],BH>KeHH5i ynpyroH cpe^bi. y/j,apHbie bojikbi. PaccMoxpHM HsoxpoH- 
Hyio ynpyryio cpe^y, saflaHHyio HapanexpaMH JIaMe A, n , hjioxhocxbio p . 06o3HaHHM Ui - 
KOMHOHenxbi BeKxopa HepeMem;eHHH u ; aij , Eij - KOMHonenxBi xensopa HanpajKeHHii h flecjDop- 
MaH,HH, cBaaaHHbie saKonoM Fyxa [5]: 

aij = A div u 6ij + 2/i Eij, (1) 

1 I Ou ■ Ou ■ I 
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Sflecb {xi, . . .Xn) - JiarpaHJKeBbi ;],eKapTOBbi Koop^HHaTbi tohck yiipyroii cpe/],bi. Hpn N = 2 
fle(J)opMaii;Hfl njiocKaa: uj = Uj{xi,X2,t), j = 1,2,^3 = 0; npn N — 3 - npocTpaHCTBeHHaa: 
Uj = Uj{xi,X2, xs, t), j = 1, 2, 3 . 

ypaBHeHHfl flBHaceHHfl cnjioniHoii cpeflti 

^ + pG. = p^ (3) 

^jiH yiipyroH cpeflbi, yncTOM (1), (2), ohh iiphbo/j,htch k BH^y: 

Li{d,,dt)uj{x,t) + Gi{x,t)^0, (4) 
r^e Lj - flH4)4)epeHi];HajibHMH onepaTop Jlaivie: 



Cl = a/(A + 2/x) / p, C2 = \/JjJp - CKopocTH pacnpocTpaHeHHH oGteMHbix h c;];BHroBbix bojih b 
yiipyroil cpe^e (ci > C2), Gj - flCKapTOBbi KOop^iinaTbi o5'beMHoii ciijibi, 6^ = Sij - chmboji 
KpoHexepa, Ajv - oiiepaTop JIaiiJiaca b i?^ . B (1) h ^ajiee no iioBTopiiioiii,HMC3 HH^eKcaM 
npoBOflHTCfl cyMMHpoBaHHe OT 1 flo N (nofloSHO TeH3opHOii CBepTKe). 

CncTeMa ypaBHenHH (4) flocTaTOHHO noflpoSHO HccjieflOBaHa b pa6oTax r.H.neTpameHfl[6]. 
B CHjiy HOJiojKHxejibHOH OHpe;];ejieHHOCTH ynpyroro noTeHii;iiajia cpepfii, ona flBjiaeTca CTporo 
rHnep6ojiHHecKOH. /],eTepMHHaHT ee xapaKTepHCTHHecKott MaTpHii;bi 

L = m (tuj)} -{{cl- cl) + {cl Mf - si} 

HMeeT 27V (c yneTOM KpaTHOCTii) /j,ciicTBHTej[bHbix KopHett: 6 npn N = 3 {u/ \\^\\ = ±ci, ±C2, ±02) , 

H4npH N^2: (a;/ = ±Ci, ±02) . 3flecb C = (6, ■ ■ ■ , ^iv), UW = ^j^Jl 

rHnepSojiHHecKHe cHcxeMbi flonycKaiOT paapbiBHbie no npoH3BOflHbiM pemenHfl. HoBepxHOCTb 
paaptiBa F b = i?^ x t, (—00 <t < 00) , coBna^aeT c xapaKTepncTH^ecKoii noBepxHo- 

cTbio cHcxeMbi. Eh cooTBeTCTByex bojihoboh 4)poHT Ft , KOTopbifi flBHJKeTCfl B npocTpancTBe i?^ 
c TeieHHeM BpeMenn. 

HyCTb U — {Ui, . . . jUMjl^t} ^ eflHHHHHblH BCKTOp HOpMajIH K F B R^'^^ , yflOBJ[eTBOpaiOm,HH 

xapaKTepHCTHHecKOMy ypaBHeHHio: 



det { {cl - cl) Uiiyj + 6ij {cl \\iy\\% - u^) } = 0, 



N 



\ k=l 



B CHJiy rHIiep60JIHHH0CTH CHCTCMbl (4), 3TO ypaBHCHHe HMeeT KOpHH: 

Ut-±Cj\\u\\j^, J = 1,2. (6) 
rioBepxHOCTb Ff flBHJKeTCfl B CO CKopocTbK) V , KOTopafl, KaK H3BecTH0, paBHa 

V = -'^t/\Wh. (7) 
H3 (6), (7) cjreflyeT, hto Ft flBHJKeTca b npocTpancTBe R^ c OflHOii h3 3ByK0Bbix CKopocTeii: 

V — Cl HJIH V — C2 ■ 
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BBeflCM eoAHoeou bcktop m = (mi, . . . ,mN) - 3to e/j,HHHHHbiH bcktop HopMajiH k 4)poHTy 
Ft B npH (J)HKCHpoBaHHOM t , HaiipaBjieHHbiH B CTopoHy ee paciipocrpaHeHHa. B CHjiy (7) 

= ^ = -Vi^j/'^t. (8) 

06o3HaHHM Ut = I'N+i ■ Tpe6oBaHHe HciipepbiBHocTH nepeMemeHHii npn nepexo^e nepea bojiho- 
BOH 4)poHT, cBsaaHHoe c coxpaneHHeM cnjioniHocTH cpeflBi,- 

Mf. = 0, (9) 

npHBO;];HT K HSBeCTHbIM KHHeMaTHHeCKHM yCJIOBHaM COBMeCTHOCTH pemeHHH Ha BOJIHOBblX 4)pOH- 

Tax [6]: 

dm ^ , du 



rrii^ + V- 



^ dt ' ' dxj 



= 0, i,j^l,N, (10) 

Ft 

(ycjioBHe HenpepbiBHocTH KacaTejibHbix npoHSBOflHbix na ). IIomhmo sxoro h3 (4) cjie^yioT 
flHHaMHHecKHe ycjiOBHa coBMecTHOCTH pemeHHH na 4)poHTax, SKBHBajieHTHbie saKony coxpane- 
HHfl HMHyjibca B ero OKpecTHOCTH [6]: 



aijirij + pV— 



= 0. (11) 

Ft 



OHpe;];ejieHHe. BojiHy HasoBeM ydapnou, ecjiH CKanoK HanpjiJKeHHH na (|)poHTC BOJiiibi 
KOHeneH: [crijirijjp^ ^ 0, r/j,e - opTbi KoopflHHaTHbix ocefl. Ecjih [cijrrijjp^ = 0, to BOJina 
cjia6aH ydapnasi. Ecjih [uijmj\p^ = oo , BOJina cujibHOH ydapnaH. 

Ha 4)poHTax y^apHbix bojih hpohcxo^ht CKanoK CKopocTen. Ha (J)poHTax cjia6bix y^apHbix 
BOJiH HeT CKaHKa CKopocTeii, ho BToptie HpoHSBOflHbie pemeHHH paapBiBHbi. CjiyHaii chjibhbix 
yflapHbix BOJIH (b flaHHOM OHpeflejreHHn) b peajiBHtix cpe^ax ne peajiHsyeTca, t.k. npn Sojibmnx 
CKaHKax HanpHJKeHHH cpep^a paspymaexcji h nepecxaex Gbitb ynpyroH. O^^naKO CHjibHbie 
Hbie BOJiHBi B ynpyrnx cpep^ax nrpaiox Baacnyio TeopexHiecKyio pojiB iipn nocxpoeHHH pemeHHH 
pasjiHHHbix KpaeBbix 3a/],aH. K xaKOBbiM, b nacTHOCTH, OTHOcaxca cjDyH^aMeHTajibHbie pemennfl 
ypaBHeHHH (4). 

2. BerymHe pemeHHa ypctBHeHHii JIaMe. Hncjia Mcixa. HycTb CHjra, fleficTByiomaH 
B cpe^e, flBHaceTca c hoctoahhoh CKopocTbio c B^ojib KOopflnnaTHOH och Xj^ ( fl,jia. y^oScTBa 

BblKJiaflOK, HpOTHBOHOjrOJKHO ee HanpaBJieHHIo) H B HOflBHJKHOii CHCTeMe KOOpflHHaT He 3aBHCHT 

OT t : 

G = G{xi,...,XN + ct) (12) 
ByfleM HCKaTb pemenHsi (4) TaKofi jKe CTpyKTypbi: 

u — u{xi, . . . ,xn + ct) (13) 

KOTopbie HasoBeM 6e3ym,UMU. 

'BBej\eM no;];BH>KHyio CHCxeMy Koop^^HHax x' — (x'^, . . . , x'^) = (xi, . . . , Xjv + ci) . B hobmx 
nepeMeHHbix ypaBHenna flBHJKeHHa hmciot bh^: 
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B CHjiy rHnep6ojiHHHOCTH hcxo^hoh CHCTeMbi, ypaBHeHHH (14) xaKace Moryx HMexb paspbiBHbie 
pemeHHs. Hycxb F nosepxHOCXb paspbiaa b iipocxpaHCXBe nepeivieHHbix x' , r^e ona nenoflBHac- 
Ha, H flBHacymaflCfl c OflHofi h3 3ByK0Bbix CKopocxen V — ci,C2 b npocxpancxBe nepeMennbix 
{xi, . . . , xn) ■ Hs (7) cjieflyex, hxo V = chjq , r^e h — {hi, . . . , h^) - eflHHHHHaa HopMajib k F b 
R'^ . SnaHHx, nocKojibKy c = Cj/h^ a {h^l < 1 , xaxne noBepxHOCXH Moryx B03HHKHyxb jinnib 
npH CBepxsByKOBbix CKopocxHx: c> Cj . 

HaaoBCM cKopocxb c doseynoeou, ecjiH c < C2 ; MecHcseynoeou, ecjiH C2 < c < ci h ceepxsey- 
Koeou, ecjiH c > ci . CKopocxb nasbiBaexcfl nepeou hjih emopou aeyKoeou, ecjiH c — cj, j — 1,2 

COOXBeXCXBeHHO . 

riepenHineM ypaBHenne (14), noflejiHB ero na : 

^5 (^s) { - ^^") afe ^ ("""^ - &) ^ -* 

Sflecb c/j = c'^Gj , Mj = c/cj - HHCJia Maxa (Mi < M2) . IlpH M,- < 1 (j = 1, 2) na- 
rpysKa floSByKOBaa, CHCxeMa ypaBHeHHH sjijiHnxHHecKoro xnna; ecjiH narpysKa CBepxsByKOBaa, 
Mj > 1 (j = 1,2) CHCxeMa cxanoBHxcH rmiep6ojiHHecKOH; ecjiH cKopocxb MeacsByKOBaa: [mpan- 
caeyKoean), Mi < 1, M2 > 1 h xhh ypaBHeHHii rHnepSojio-sjiJinnxHHecKHH. Hpn sByxoBbix 
CKopocxflx ypaBHeHHfl napaSojio-sjiJinnxHHecKHe, ecjiH M2 = 1 , a npn Mi — 1 cxanoBflxcfl 
napa6ojio-rHnep6ojiHHecKHMH. HoKajKeM sxo ^ajiee npn nocxpoeHHH 4)yHflaMeHxajibHbix peme- 
HHH ypaBHeHHH (4). 

KHHeMaxHHecKHe h flHHaMHHecKne ycjioBHH cobmccxhocxh pemenHH na paspbiBax b npo- 
cxpancxBe nepeMeHHbix , KaK cjie^yex h3 (9) - (11) c ynexoM (13), npHMyx bh/j,: 

[u]f = 0, (16) 

[hz Ui,j -hj Ui,N] F = 0, (17) 

[ aijhj - pc^ hN Ui,N] p = 0- (18) 

Sflecb H nacxo ^ajiee flH4)(J)epeHH,HpoBaHHe no xj oGosHanaexcH HH/j,eKcoM j nocjie aanaxon b 
oGoanaHennn 4)ynKn,HH. 

Onpeflejienne. Hpn c > C2 6yfleM nasbmaxb pemenne ypaBnennii (14) KJiaccune- 
CKUM, ecjiH ono nenpepbiBno, flBajK^bi flH4)4)epenn,HpyeM0 Bciofly, 3a ncKjHOHenneM bojihobbix 
4)poHxoB, HHCjio Koxopbix KOHeHHo Ha J11060M saMKHyxoM noflMnojKCCXBe B , na KOXOpblX 

yflOBJieXBOpHHDXCH yCJIOBHH Ha CKaHKH (17), (18). 

PaccMoxpHM ypaBnenna (14) n ero pemenHa na npocxpancxBe o6o6ni,ennbix 4)yHKu,HH. 

3. 06o6iij,eHHbie BeKTop-4)yHKii,HH h hx npoHSBO^Hbie. Bnanajie jxajxnM nexoxopbie 
onpeflejienna ^jia o6o5meHHbix BeKxop-4)ynKn,nH, Koxopbie pacnpocxpanaiox nsBecxnyio xeopnio 
o6o6ni,ennbix (J)ynKu,HH [1,2] na npocxpancxBO BeKxop-4)yHKu,HH. 

ripocxpancxBO cjjnnnxnbix SecKonenno - flH4)4)epenn;HpyeMbix M -Mepnbix BeKxop-4)ynKn;HH 
na R^ o6o3naHHM Dm{R^) — {(p{x) — {(pi{x), ...,(Pm{x)), (pk ^ D{R^), k — l,M}, a ne- 

pe3 D'^{R^) = |/ = [fi, /^), fk e D'{R^), k — 1, m| - cooxBexcxByioni,ee eiviy npocxpan- 

cxBO o6o6n],ennbix BeKxop-4)ynKn,HH - nenpepbinnbix jinneiinbix 4)ynKn,HonajiOB na Dm{R^) '■ 

{f,(p) = X] {fk)Vk)i Vk{x) G D{R^). EcjiH / - jiOKajibno nnxerpnpyeMaa BeKxop-4)ynKn,Ha, 

k=l 
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TO ett cooTBexcTByeT peryjiapnaa o6o6iri,eHHa3 BeKTop-4)yHKii,H5i, KOTopaa onpeflejiaex cjie^yio- 

JIHHeHHblH (J)yHKIi;HOHaji: 

M „ 

= 5Z y fk{x)^k){x)dx,...dxM, M'x) e D{R^). (19) 

EcjiH / HejiBsa npeflCTaBHTi. b HHTerpajiBHOM BH^e (20), to / - CHHryjiapnaa BeKTop-4)yHKii;Ha. 

B KanecTBe npHMepa upuBep^eM cHHryjiapHyio o6o6ii];eHHyio 4)yHKii,Hio a{x)Ss{x) , KOTopyio 
HasbiBaioT ^^npocmuM caocm na noeepxHocmu 5"": 

M 



a{x)5s{x),^{x)) =^ j ak{x)ipk{x)dS{x). 



SflecB BeKTop-4)yHKii;Ha a — {q;i(x), aM{x)} onpe^^ejiena h jiOKajibHO HHTerpupyeMa na no- 
BepxHOCTH S C . SaMeTHM, HTO B OTjiHHHe OT (19), HHTerpaji 6epeTCH He no ^ a no 
iiOBcpxHOCTH S . J\ajiee 6y^eM npe^iiojiaraTB, hto DimS = N — 1 , S nenpepBiBHa h HMeeT 
HeupepbiBHyio nopMajib n{x) = {ni{x), ...,nN{x)), \\n\\ = 1. 

^H4)4)epeHi];HpoBaHHe na D'j^{R^) onpeflejiaeM, Hcnojitsya npoH3BOflHyio o6o6nj,eHHOH 4)yHK- 
i];hh: 

M 

(av,9^) = (-i)i"i(/,av) = (-i)i»i5](A,aVfc). (20) 

fe=i 

r^e MyjiBTHHHfleKC a — (oi, a^v) onpe^ejifleT Hacrayio npoHSBOflHyio 

EcjiH /(x) flH(J)(J)epeHn,HpyeMa Bciofly, Kpojvie uoBepxHocTH S, to, xax hsbcctho [1,2], 

f,3-f,3+n^[nsHx) (21) 

Sflecb cjieBa ctoht oGoGmennaa nponsBOflnaH no Xj b cmbicjic onpeflejienna (20), a cnpaBa nep- 
Boe cjiaraeMoe - o6i>iHHafl npoHSBOflHafl. OHeBH^HO, hto (21) cnpaBe^jinBO h fljia o6o6n];eHHi>ix 
BeKTop-4)yHKn;HH. ^ajiee 6yfleM HaatiBaTB o6o6n],eHHi>ie BeKTop-4)yHKn;HH npocTO o6o6meHHUMU 
4)ynKn;HHMH. 

PaccMOTpHM na D^(i?^) jiHHeHHbm flH4)4)epeHu;HajibHbiH onepaTop c nocToaHHbiMH koscJ)- 
4)Hn,HeHTaMH 

la J MxM 

OnpeflejieHHe. HaaoBCM u o6o6vj,eHHUM pemenueM flH4)4)epeHu;HajibHoro ypaBHeHna 
ecjiH 

(L (a^) ip) = {Lij (d^) Uj, ipi) = {uj, L*- (d^) ipi) = (^f, ip^ , Wifi e Dm{R^). 



Sflecb conpH>KeHHt.m oiiepaTop L*j (dx) = ^ (— l)'"ICj"D". 

a 

O n p e e ./I c H H e. MaTpHii,a U{x) HasbiBaexcfl MaTpHii,eH (JjyHflaMeHTajibHMx pemenHH, 
ecjiH oHa yflOBjieTBopaeT MaTpHHHOMy ypaBHeHHio 

L id.) U = {l., (a.) UH^)}^^^ = S{x) {St}^,^ (22) 

r^e S{x) CHHryjiflpnaa 5-4)yHKi];Hfl: 

{6{x)6'l,ipk{x)) = {S{x),6'lipk{x)) = {6{x),'f^{x)) =f,{0). 

5IcHo, HTo 4)yHflaMeHTajibHi.ie pemeHHfl onpeflejiaiOTCfl c tohhoctbk) flo pemenHfl oflHopofl- 
Horo ypaBHeHHa. 

TeopeMal. Ecjiu cymecmeyem ceepniKa 

u^U^f^\u^{x)*Mx)} , (23) 

K •' J Mxl 

mo u HeAHemcH o6o6vneHHUM pemenueM ypaeneHUH L {dx) if- = ./• 

/loKaaaTejibCTBo. B cHjiy cBottcTBa flH4)(J)epeHii,HpoBaHHH cBepTKH h cbcptkh c 
5{x) [1,2 ]: 

L {dx) u^L {dx) (U * /) = (l {dx) U)*f^ {St5{x) * A}^^^ = /. 

EcjiH Bxofl3in;He b cBepxKy oGoGmeHHbie 4)yHKii,HH 3bji3iotch peryjiapHbiMH, to ohh sanHCbi- 
BaiOTCfl B HHTerpajiBHOH 4)opMe BH^a: 

u^U*f^{ I Uhx- y)h{y)dy,...dyN } (24) 



Mxl 



HxaK, 3Haji MaxpHi^y 4)yH;];aMeHTajibHL.ix pemeHHH CHCTeMbi ^^HcjDcjDepeHi^HajibHbix ypaBHe- 
HHH, MOJKHo cTpoHTb Hx o6o6iLi,eHHt>ie pemeHH3 pasHbix iipaBbix HacTefi hs Kjiacca o6o6- 
ii],eHHbix 4)yHKii,HH. KaK jierKO BH^eTb b (24), pemeHHe iipe/j,CTaBjiaeTCfl b BH/j,e cyiiepno3Hi],HH 
(JjyHflaMeHTajiBHbix pemeHHii, pacnpeflejieHHbix na HOCHTejie 4)yHKn;HH f{x) , HHTencHBHOCTb 
KOTopbix onpeflejiaeTca ee SHaneHHeM. HosTOMy fljia nocTpoenHa pemeHHii, yflOBjieTBopaiOHi,Hx 
onpe;];ejieHHt.iM cBoficTBaM na 6ecKOHeHHocTH, cjie;i;yeT Bnanajie nocTpoHTi. 4)yHflaMeHTajii>Hi>ie 
pemeHHJi, yflOBjieTBopHioiri,He nofloGnBiM cBoiicTBaM. 

4. y^apHbie BOJiHbi KaK o6o6iu,eHHi>ie peiueHHa ypaBHeHHii. ycjiOBHa na tJ)poH- 
T3lx. HycTb u{x')- KjiaccHHecKoe pemeHHe b i?^ , yflOBjieTBopHiom,cc (17) - (18) na kohchhom 
HHCJie HOBepxHOCTeii Tnna F . 06o3HaHHM u{x, z) cooTBeTCTByiom,yio pei yjinpHyio o6o6m,eHHyio 
4)yHKH,Hio: u{x, z) — u{x') , X — (x^, a;^_i), z — x'^ . Ilojibayacb (21), HOJiynnM 



dx'j dxjf ' 



dui 



Uijhj — pV"^ h 



5f+ 

F 



d d 
+ {[XukhkSij + fi{uihj +Ujhi)]p5F} - {[uihN ]f^f} , (25) 
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r^e adp - npocToit cjioii na F , njioTHOcxb Koxoporo onpeflejiaeTCH CKa^KOM iiepeMemeHHii na 
4)poHTe BOJiHbi. B CHjiy ycjiOBHH Ha 4)poHTax yflapHMx bojih (16) a (18), iipanaa ^acTb (20) 
o6paii];aeTCfl b 0, T.e. o6o6ii];eHHafl 4)yHKi];Ha u yflOBjieTBopaeT TeM jKe ypaBHennflM (14), ho yace 
B o6o6ni;eHHOM CMticjie. 

OTcmjia, cjiepyeT npocTofi (jDopMajibHbiii ciioco6 nojiynenHH ycjioBHH na cxaHKH pemeHHH h 
Hx npoHSBOflHbix Ha (JjpoHTax. y^apHbie bojihm sBjiaioTca o6o6m,eHHt>iMH pemcHHHMH ypaBHeHHii 

(14), HOSTOMy flOCTaTOHHO HpnpaBHflTB HJIOTHOCTH HeSaBHCHMBIX CJIOBB HyjIK), HToSbl HOJiyHHTb 

ycjiOBHa Ha CKanKH na 4)poHTax y^apHBix bojih. 

5. OyH/i,aMeHTajibHbie pemeHHH. MaTpHH,a FpHna. Ilpn pemeHHH KpaeBbix saflai Baac- 
Hyio pojib HrpaiOT 4)yHflaMeHTajiBHbie pemeHHsi, KOToptie onncBiBaiOT flHHaMHKy cpeflBi npn 

flefiCTBHH COCpeflOTOHeHHblX HCTOHHHKOB paSJIHHHOrO THHa. SflBCb HpHBe^eM flBa 4)yHflaMeH- 

TajibHbix pemeHHH, KOTopbie nrpaioT oneHb BajKHyio pojib npn nocTpoeHHH CHHryjiapHbix rpa- 
HHHHbix HHTerpajibHbix ypaBHeHHH, pa3pemaiom,Hx iiepbyio h BTopyro Kpaesbie sa^ann TeopHH 
ynpyrocTH b cjiynae 6erym;Hx narpysoK. B Hocjie/],yiom,HX CTaTbHx mm npHBe^eM pemenne sthx 
aaflan bo bcbm flHanaaoHe CKopocTeii flBHacyn^Hxcfl narpyaoK, aa HCKjiiOHeHHeM SByKOBbix, npn 
KOToptix CTaH;HOHapHbix pemeHHH ne cym,ecTByeT. 

PaccMOTpHM Ul - MaTpHH;y 4)yHflaMeHTajiBHbix pemennn ypaBHennfl flBHJKenHa (14): 

Ai (^-^^ + 6{x')6^ = 0, ^,j = MV, (26) 

yflOBjieTBopsiomylo ycjiOBHSM saTjrxaHHa na GecKoneHHOCTH: 

djU^^Onpn x'^oo. (27) 

HasoBeM ee Mampuu^eu Fpuna ypaBnenHfl (14). Mojkho HOKaaaTt, hto ona ABjiaeTca TenaopoM. 
IIpH 4)HKCHpoBaHHOM k efl cooTBeTCTByeT cocpe;];oTOHeHHaH CHjia, fleHCTByiom,afl b HanpaBjienHH 
KoopflHHaTHoit ocH X^. , H 6erym,aa co CKopocTbio c b^gjib och . 

P^Jia. HpoH3BOJibHOH pei yjiHpHOH CHjibi G cooTBeTCTByiom,ee pemenne HMeeT bh/j, CBepTKH 

Ui^Ui*gk^ J U^{x' -y)gk{y)dyi...dyN. (28) 

HpHBefleM BHfl fljia pasHbix CKopocTeii c , KOTopbiii HOJiynen c HCHOJibsoBaHHeM npeoS- 
paaoBaHHfl Oypbe, HMeiom,ero bh^ [7]: 

OTKyfla cjieflyeT: 



UI{X, Z) = M^5lh2{\\x\\ , Z) + (/2i,,,- {\\X\\ , Z) - f22,ij (\\x\\ , z)) , 

fkm - OpHl^HHajIBI 4)yHKLI,HH fkm = Ufui_'lj2 cl i ^^-A KOTOpblX Cym,eCTBeHHO SaBHCHT OT 

llsll ~'^tvSn) 

pasMepnocTH 3a/j,aHH h hhccji Maxa (cm. [2]). 

TaK /o^ = (11^ 11^ — M^^^) . JlerKo BH^eTb, hto 3to Hpeo6pa30BaHHe Oypbe (jDynflaMen- 
TajibHoro pemeHHs ypaBnenHa 

AiV-l/om + (1 - M^)/o^ + ^{x)^{z) = 0. 
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ripH flosByKOBbix CKopocT3x 3TO ypaBHeHHe sKBHBajieHTHo 3jijiHnTHHecKOMy ypaBHCHHio Jlanjiaca- 
HyaccoHa, iipH CBepxsByKOBbix - BOJiHOBOMy ypaBHeHHio (ypaBHeHHio ^ajiaMGepa fljia N=2), npn 
SByKOBoii CKopocTH nepeMeHHaa z b ypaBHeHHH HcneaaeT, ypaBHenne CTanoBHTCfl napaSojinne- 
CKHM, T.K. pasMepHOCTB npocTpaHCTBa Ha eflHHHi];y Bbime. Hto h onpeflejiaeT thh ypaBHeHHH 
(15), OTMeHeHHbiH Bbime. 

HpH HocTpoeHHH 4)yHflaMeHTajiBHBix pemeHHH, iiomhmo ycjioBHH saxyxaHHsi pemeHHH na 
6ecK0HeHH0CTH, yHHTbiBajiHCb ycjiOBHs HSJiyneHKH [4,7]: 

z 

npH M„ < 1 : = e{z) J f(k-i)m{x, z)dz - 9{-z) J f(k-i)m{x, z)dz , 

z 

z 

HpH M„ > 1 : /fcm = 0{z) J f(k-i)m{x, z)dz, = 1, 2. 



IIpocmpaHcmeeHHasi sadana ( N = 3 ). HpH flosByKOBBix CKopocTHX (M^ < 1 ): 

47r/ojk(||a;|| , z) = {ml \\xf + ^^)"^/^ infik = sgn \z \ In (( \z\ + V^)/mk \\x\\) , 



47r/2fe = \z\ In {{\z\ + V^)/mk \\x\\) - + nik \\x\\ ; 

HpH SByKOBblX CKOpOCTax( Mfc = 1 ) : 

27r /ojtdlxll ,2;) = -(5(2;)ln , fik^ -9{z)ln\\x\\, 27: ^ - z9{z) ln\\x\\ , 
HpH CBepxsByKOBbix CKopocTax( Mfc > 1 ): 

27r /ofcdkll , z) = 9{z - mk \\x\\){z'^ - ml ||a;||^)"^/^, 
27r/ife = 9{z - mk \\x\\) In {{z + V^) /m^ \\x\\) , 
27r/2fc = 9{z - mk \\x\\) {zhi {{z + V^) M - Vk) ■ 
Sflecb BBefleHbi oGosHaneHHa: 9 [z) - 4)yHKH,Ha XeBHcaiifla, 



/ 2 I 2 II ||2\l/2 

[z +mk \\x\\ ) ' , 



Vk - 



m| 9k = 9 {z — mk\\x\ 



UjiocKaA sadana (N — 2). Hpn flosByKOBbix CKopocTax ( Mk < 1 ): 

27rmfe/ofc(|a;| , z) = -InV^ , 2'nmkhk = -\z\ + \z\ - mk\x\arctg 



\z\ 



mk\x\ 



mkX 



47rmjfc/2jfc = —{Vj^)'^\nVj^ + l,5z^ + 2mk\x\{mk\x\ — \z\) arctg 

HpH 3ByKOBbIX CKOpOCTSX ( Mfc = 1 ) : 

'^fok{\x\,z) ^ -5{z)\x\, 2fik^ 9{z)\x\, 2f2k^ z9{z)\x\; 

HpH CBepX3ByK0BbIX CKOpOCTilX ( Mk > 1 ) : 

2mkfok{\x\ , z) = 9{z - mk \x\), 2mkfik ^ {z - mk \x\)9{z - mk \x\), 

^rnkf2k ^ {z - mk \x\)^9{z - mk \x\). 
riocTpoeHHbie Tenaopa oSjiaflaiOT cjieflyK)Hi;HMH CBoiiCTBaMH CHMMeTpHH: 

U;{x,z) = Ui{x,z) = U;i-x,z). 
8 



(30) 



JlerKo BbiflejiaioTca o6teMHt>ie h cflBHroBbie cocTaBji3ioiri,He Tenaopa U : 

U], = C-^hvii. % = C^%h2 - y-'f22Hy (31) 

f/j]^ onncbiBaeT ;];e4)opMaii;HH cJKaxHH-pacTHJKeHHH, KOToptie pacnpocxpaHHioTCH b ynpyroii cpe- 
CO CKopocTbio Ci , a [/j2 - cflBHroBbie fle4)opMaii;HH, KOToptie pacnpocTpaHaioTCii MefljieHHee 

CO CKOpOCTblO C2 . 

B CBepx3ByKOBOM cjiynae HOCHTejieM 4)yHKi];HH flBjiaeTCfl Konye z > mk\\x\\ . rioejieflHee 
flBjiaeTCfl ycjioeueM usjiyHenuA, t.k. h3 4)H3HHecKHx cooSpajKeHHH bhc SToro Konyea nepeivieme- 

HHH ynpyroii cpczi,bi OTcyxcTByioT b CHjiy KoneHHOCTH CKopocTH paciipocTpaiiciiHH BOSMviuciiHii, 
KOTopaa He mojkct Gbitb Bbime cooTBeTCTByiomefi SByKOBofl oiipc/j,ejieHHOi^o THiia ^ccj^op- 
Maii,HH. SaMCTHM, HTo 3TH ycjioBHs noaBjiaioTCH B pesyjibxaxe nocxpoeHHa pemcHHa 3a/],aHH ^jia 

06x>eMH0H H CflBHrOBOii COCTaBJiaiOIIl,eH TeH30pa FpHHa OTflejIBHO B 3aBHCHM0CTH OT CKOpOCTH 

Serymeii Harpy3KH. 

Ha noBepxHOCTH z = mk\\x\\ b TpexMepnoM cjiynae TeH3op FpHHa HMeeT SecKOHeHHyio 

OCoSeHHOCTb, B HJIOCKOM CJiyHae - KOHeHHblH CKanOK [7]. 

6. 3>yHflaMeHTcUifcHciH MaTpHii;a HcOipaaceHHii . HcH0jii.3ya 3aK0H Fyxa (1), BBe^eivi 
TeH3opi>i HanpajKeHHii, HopoacflaeMbie TeH3opoM Fpnna: 

5^.(x, z) = A5,,9„f/^ + (dfit + ddl^) , ^^2) 
r^{x,z,n) = S^j{x,z)nj, t](a;,2;,n) = -Ti{x,z,n). 

Bepna cjie;];yioiri;aa xeopcMa. 

TeopeMa2. Tensop HeAHemcH o6o6w,eHHUM pemenueM ypaeneHUH: 

Aiid,,)f^^-Kiid,,,n)5{x'). 

sde K\ {d^',n) = Xuidi + jij {Sldj + 5^jdi) . 

^OKa3aTejii.CTBo:H3 (32), (1) nojiynnM: — = F^ = K'- (d^'^n) Ui{x, z) . Cjie^OBa- 
TejiBHO, 4 (9,0 fj = -4 (9,0 ti = -4 (9,0 Ki (9,,, n) 11^ -Ki (9,,, n) 4 (9,0 U'jix, z) = 
—Kf, (9,/, n) Sl6{x') — —KI (9,/, n) 6{x'). Teopeivia flOKa3aHa. 

TeH3op BbiHHCjiaeTca, Hcnojib3ya cooTBeTCTByiomHe (jDopMyjibi n.4 b 3aBHCHMOCTH ot pa3Mep- 

HOCTH 3aflaHH H CKOpOCTH ^BHJKeHHH. AnajIOrH'lHO MOJKHO Bbl^ejIHTB oGtCMHyiO H CflBHTOByiO 

cocTaBjiaioin,He T] [x, n) = Tj^ + • Oh onncBiBaer /j,HHaMHKy ynpyroii cpeflBi npn fleiicTBHH 
6eryni;eii cocpeflOTOHennoii chjibi MyjibTHnojiBHoro THna. 

SaKjiiOHeHHe. IIpe^cTaBjieHHbie (J)yHflaMeHTajiBH£>ie MaTpHn,bi mojkho Hcnojib30BaTb ^jia 
H3yHeHHfl flHHaMHKH cpcfl c 6eryni,HMH Harpy3KaMH, pacnpeflejieHHbiMH no oSi^eMy, noBepxHOCTH 
HjiH npflMoii, Hcnojii.3yfl 4)opMyjiy TeopeMbi 1. 

EcjiH gk - jiOKajibHO HHxerpHpyeMbie 4)yHKn;HH c KOHenHbiM HOCHTejieM, hto TnnHHHO fljia 
4)H3HHecKHx 3aflaH, B CHjiy peryjiapHOCTH U , penieHne HMeeT bh^: 

Ui{x,z)= j U^{x' -y)gk{y)dyi...dyN. 

suppG(j/) 

YcjioBHs Ha Qk MOJKHo ocjiaGHTb, ecjiH ynecTb acHMHTOTHxy U na GecKoneHHocTH. 
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EcjiH 6eryiri,aa cHjia cocpeflOTOHena na ii,HjiHHflpHHecKOH noBepxHocTH S , o6pa3yioiri,aa ko- 
Topoii napajiJiejibHa och Z , to ee MoacHO onncaTb CHHryjiapHoii 4)yHKii,iieit c KOMnoneHTaMH 
9k — gk{x, z)5s{x, z) . Tor^a pemeHne HMeeT BHfl: 



^,i{x,z)^ / Ut{x'-y)gk{y)dS{y) 



s 



EcjiH 6eryii],aa CHjia cocpeflOTOHena na och Z , ee mojkho onncaTb CHHryjiapHoii 4)yHKi];HeH 
9k — gk{z)S{x) . Tor^a pemeHne HMeeT BHfl: 



Hcnojibsyfl bh^ U b saBHCHMOCTH ot pasMepnocTH aaflanH h CKopocTH Serymeii iiai pysKH jier- 
Ko nojiyHHTb anajiHTHHecKHe 4)opMyjit>i jiJis onpe;];ejieHHH nepeMemeHHH cpeflBi. Hpn stom sth 
pemeHHH, b CHjiy jicmmm /Iio6ya-PeHMOHa [1], 5y^yT KjiaccHnecKHMH. 

B cjiyiae CHHryjiapHbix chji flpyroro BH^a fljia nocxpoenHH o6o6iLi,eHHoro pemeHHa cjie- 
flyeT HcnojiBSOBaTb (JjopMyjiy CBepxKH corjiacHO ee onpeflejieHHio fljia o6o6iii,eHHi>ix 4)yHKi];Hii 



KATOHeeue CAoea: yiipyraa cpe/],a, ypaBHenHa JTaMe, 6eryiri;He narpysKH, (|)yHflaMeHTajii>Hbie 
pemeHHfl, CBepsByKOBaa, TpaHCSByKOBaa, flosByKOBaa CKopocTb, y^apHbie bojihbi. 
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AjieKceeBa JI.A. 06o6iii,eHHt>ie pemeHHa ypaBHeHHii JIaMe b cjiyiae 6eryiri,Hx narpyaoK. Y^ap- 
Hbie BOJiHbi//MaTeMaTiiHecKHH acypnaji. T.9. 2009.^51 (31). C. 16-25. 

Hccjie^yeTCH CHCxeMa ypaBHeHHii JlaMe, OHHCbiBaiom,aH ^BHJKenHC yiipyroH cpe^bi iipn ^o- 
SByKOBbix, Tpanc- h CBepxsByKOBbix CKopocTHx /],BH>KeHHH HCTOHHHKa B03Mynj,eHHH, H ee pe- 
meHHa B npocTpancTBe o6o6H];eHHi>ix BeKTop-4)yHKn;HH. PaccMOTpenbi Bonpocti, CBflsaHHbie c 

B03HHKH0BeHHeM yflapHblX BOJIH, KOTOptie B03HHKaiOT B CpeflB HpH CBepXSByKOBblX HCTOHHH- 

Kax B03Myn];eHHH. Ha ocHOBe TeopHH o5o6m;eHHbix 4)yHKH;HH Hpe^^jioacen MCTOfl onpeflejieHHfl 
ycjioBHH Ha cKaHKH pemeHHH h hx HpoHSBOflHbix Ha 4)poHTax yflapHbix bojih. 

Alexeyeva L.A. The generalized solutions of the Lama's equations in the case of running 
loads. The shock waves// Mathematical journal. V.9. 2009. No 1 (31).P.16-25. 

The system of Lama's equations is investigated, describing the motion of the elastic media 
under subsonic, transonic and supersonic velocities of the moving source of distributions, and its 
decisions in space of generalized vector-functions. The questions are considered connected with 
arising shock waves, which appear in ambience under supersonic source of distributions. On base 
of the generahzed functions theories the method of the determination of the conditions on gaps 
of the decisions and their derivatives on shock waves fronts is offered. 
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